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A  derivation  in  Riven  of  the  maximum  likelihood  estimator  5,  based  on  the  first 
tn  on*  of  n  ordered  observations,  of  the  sonic  parameter  0  of  •>  Weilmll  population 
with  known  shape  parameter  K.  It  is  shown  that  2m  iK/0K  has  n  chi-square  distri¬ 
bution  with  2m  degrees  of  freedom  (independent  of  n).  Use  is  made  of  this  fact  to  set 
upper  confidence  bounds  with  confidence  level  1  —  P  (lower  confidence  bounds  with 
confidence  level  7’)  on  the  scale  parameter  0.  Formulas  are  given  for  the  moan  squared 
deviations  of  the  upper  and  lower  confidence  hound?  from  the  true  value  of  the 
parameter.  From  these  one  ran  obtain  expressions  for  the  efficiency  of  confidence 
bounds  and  confidence  intervals.  The  expected  value  of  0  is  also  determined,  and 
from  it  the  tmbiusing  fnctor  6  •  u  by  which  (1  must  bo  multiplied  to  obtain  nn  unbiased 
estimator  ff.  An  expression  for  the  variance  of  the  unbiased  estimator  6  is  found. 
Values  of  the  unhiusing  factor  and  of  the  variance  of  the  unbiased  estimator,  both  of 
which  aro  independent  of  *i,  are  tabled  for  m  ■»  1(1)100  and  K  «*  0.fi(0.5)4.0(1.0)M.O, 

A  section  cm  use  of  the  table  and  a  numerical  example  aro  included. 

1.  Introduction 

ijpclf'iil  Itiiti  So  1x1  (!  0."o)  have  pointed  out  I  be  advantages  of  the  use  of 
ordered  tint  a  from  truncated  tests  to  estimate  the  parameters  of  parent  pop¬ 
ulations,  and  have  worked  out  details  for  the  exponential  distribution.  In 
particular,  they  have  derived  an  estimator  &  (which  is  maximum  likelihood, 
unbiased,  and  minimum  variance),  based  on  the  first  m  out.  of  n  ordered  ob¬ 
servations,  of  the  parameter  <r  of  an  exponential  population  and  have  shown 
that  '2ml},1  a  has  a  chi-square  distribution  with  2m  degrees  of  freedom  (independ¬ 
ent  of  ti).  They  have  also  given  without  derivation  the  maximum  likelihood 
c  1  '.mat or  6K,  based  on  the  first  vi  out  of  n  ordered  observations,  of  0K,  whore  0 
is  ■  he  scale  parameter  of  a  Weilmll  population  with  known  shape  parameter  K  . 
N.  It.  Mann  (HHid,  p.  30)  has  stated  without  proof  that  2 ni0K/0K  has  a  chi- 
square  distribution  with  2 in  degrees  of  freedom.  The  missing  derivation  and 
proof  are  supplied  in  the  present  paper.  Expressions  aiv  ivon  for  upper  and 
lower  confidence  bounds,  0  and  Q,  and  for  the  efficiencies,  us  defined  by  Harter 
(10GU>,  e),  of  0  and  the  central  confidence  interval  «?,  0).  Brief  discussions  of 
the  method  of  computation  of  the  table  and  of  its  use  are  given,  as  well  as  a 
numerical  example  which  illustrates  the  computation  of  both  point  and  interval 
estimates  and  the  efficiencies  of  both  point  and  interval  estimators. 

*  Received  Feb.  1964;  final  revision  Dec.  1961. 
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2.  Maximum  Likelihood  Estimator  for  the  Scale  Parameter 

The  probability  density  function  of  the  random  variable  Y  having  a  Weibull 
distribution  with  location  parameter  0,  scale  parameter  0,  and  shape  parameter 
K  is  given  by 

(1)  f{v)  =  [(AVflto/fl)*'1  <•*!>  [-(?// !/  >  0 

1.0  elsewhere. 

Now  if  we  define  the  random  variable  A’  by  X  ~  Y*  and  make  the  change  of 
variable  x  =  yK  in  (1),  we  find  the  probability  density  function  of  the  random 
variable  X  to  lie 


(2) 


ff(-r) 


exp  (  —  x/  0K)/0K  , 
0  elsewhere, 


•T  >  0 


which  is  the  familiar  exponential  density  function  with  parameter  <r  =■  0K. 
Therefore  if  Y  has  a  Weibull  distribution  with  scale  parameter  0  and  shape 
parameter  K  nnd  if  X  =  YK,  then  X  is  exponentially  distributed  with  param¬ 
eter  <r  =  0K.  Hence  a  maximum  likelihood  »i-order-statistie  estiinatcr  for  0 
can  be  obtained  from  the  “host’’  m -order-statistic  estimator  for  u  =  0k  derived 
by  Epstein  and  Sobol  (1953),  which  is  given  by 


(3) 


=  (.r,„  -I-  ,r2n  +  ■  ■  ■  4-  .r„„  +  (n  -  m).r„»)/m, 


where  x,„  (i  -  1,2,  •  •  •  ,  »»»)  are  the  first  m  order  statistics  of  a  sample  of  size  n 
from  an  exponential  population.  Now,  taking  the  7C-th  root  of  both  sides  of 

(3) ,  wo  obtain 

(4)  <&,*  -  ilxu  +  -r..„  +  ' '  •  +  •«•*.  -i-  («  -  »»)*..«)/ wi}1'*  • 

Since  x,n  =  j /,>  wc  can  write 


(5)  L„  =  =  I [.'/u  +  yL  +  •  •  ■  +  uL  -I-  (n  -  m);/Ll/»i|,M' . 

Now,  since  <r,„„  is  a  maximum  likelihood  estimator  of  v,  is  a  max¬ 

imum  likelihood  estimator  of  0  —  a'/K. 

The  probability  density  function  of  th:;  random  variable  X ,  =  is  given 
by  Epstein  and  Sobcl  (1953)  as 

.  .  .  .  f|l/r(m)](w/u)",.r“”1  exp  (  — ?ii.t,/<t),  .r,  >  0 

((>)  IJA'i)  -  A 

lo  elsewhere. 


Now  we  let  L„  =  <f!J  or  T,  =  A'l  K  and  we  find  the  probability  density  func¬ 
tion  of  T,  =  0„m  to  be 

.  |  (A/  r(»i)](m/<0"'.'/I'm"'  exp  {  — ,  »/,  >  0 

(7)  gJu,)  =  \ 

10  elsewhere. 

Now,  making  the  substitution  o  =  0K  in  (7),  we  obtain 
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(8) 


\K/V(m)\(m/0K)ny*”~>  exp  (  — ttij/l/®*). 
.0  elsewhere. 


Hereafter,  for  simplicity,  wo  will  denote  6m„  by  6. 


V\  >  0 


3.  Confidence  Bounds  for  Scale  Parameter  0 

From  (S)  it  cun  !>o  easily  seen  iliut  2m6K/0K  has  a  chi-square  distribution 
with  2 rii  degrees  of  freedom: 

(0)  2 »;e*/0h  =  xL  ■ 

Solving  for  0,  we  obtain 

(10)  0  -  (2>n/xL  ),/K6 

Tlien  an  upper  conlidencc  bound  with  conlidencc  level  1  —  P  (lower  confi¬ 
dence  bound  with  confidence  level  P)  on  0  is  given  by 

(11)  0,-c  -  Qr  =  (2 

where  the  first  subscript,  on  y2  is  the  numlier  of  degrees  of  freedom  and  the 
second  one  is  the  cumulative  probability.  The  interval  between  lower  and 
upper  confidence  bounds,  each  with  confidence  level  1  —  P,  will  be  call  a  cen¬ 
tral  confidence  interval  with  confidence  level  1  —  2/\  Kquations  (!))-(!  1)  re¬ 
main  valid  when  m  -  n,  in  which  ease  (11)  is  an  expression  for  the  conventional 
confidence  bound  based  on  all  n  observations. 


4.  Efficiency  of  Confidence  Bounds  and  Intervals 

Harter  (1961b,  c)  has  defined  the  efficiency  of  a  substitute  upper  confidence 
bound  as  the  ratio,  expressed  as  a  percentage,  of  the  moan  squared  deviation 
of  the  conventional  upper  confidence  bound  from  the  true  parameter  value  to 
the  mean  squared  deviation  of  the  substitute  upper  confidence  bound  from  the 
true  parameter  value.  This  definition  may  lxi  expressed  symbolically  in  the 
form 


(12)  E.  =  1OO/i|(0  -  0Y]/Ii[(d'  -  on 

where  is  the  efficiency  (in  percent)  of  the  substitute  upper  confidence  bound, 
I£[(0  —  0)J]  is  the  mean  squared  deviation  of  the  conventional  upper  con¬ 
fidence  bound  5  from  the  true  value  0  of  the  parameter,  and  /?[(5'  —  0)‘\  is 
the  mean  squared  deviation  of  the  substitute  upper  confidence  bound  O'  from 
the  true  value  0  of  the  parameter.  Further,  the  efficiency  of  a  substitute  cen¬ 
tral  confidence  interval  is  defined  as  the  ratio,  expressed  ns  a  percentage,  of 
the  sum  of  the  mean  squared  deviations  of  the  conventional  upper  and  lower 
confidence  bounds  from  the  true  parameter  value  to  the  sum  of  the  mean  squared 
deviations  of  the  substitute  upper  and  lower  confidence  bounds  from  the  true 
parameter  value,  'i'liis  definition  in  symbolic  form  is  given  by 

03)  /•;.  =  looi e\(9  -  -v  e\(q  -  on.  iKico'  -  on  +  iw  -  oni, 

where  E,  is  the  efficiency  (in  percent)  of  the  substitute  central  confidence 
interval,  E[{ 0  —  0)3]  and  E\(5'  —  0)2]  are  defined  ns  above,  and  E\(Q  —  of] 
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and  E\{Q'  -  0)’]  nre  respectively  the  mean  uquared  dcvint ions  of  the  con¬ 
ventional  and  substitute  lower  confidence  hounds  Q  anil  Q 1  from  I  In*  true  vnluo 
0  of  I  lie  parameter. 

Quaylp  (19G31  has  shown  thnt  the  mean  stpinml  deviation  E[{i 5  -  0)1  of 
the  conventional  upper  confidence  hound  with  confidence  level  1  -  1\  bawd 
on  oil  a  u ’...-emit ions,  from  the  true  value  »  of  the  sonic  parameter  of  a  Wribull 
population  with  known  shape  parameter  K  is  given  by 

(14)  A|(ff  -  0)1  -  I  -  2'” 'Inn  -l-  I  /O  r(ihH)/\?,..i),  <! 

-I-  2’  A[r(»i  4-  ■j//o/r(a)l  x  (i/x*.i.el,/* 

and  that  the  mean  squared  deviation  E\(Q  —  0)1  of  the  corresponding  con¬ 
ventional  lower  confidence  hound  is  found  by  replacing  0  by  Q  and  />  by  1  —  V 
in  (14).  Since  2n6?jOK  is  distributed  as  x 1  with  ‘in  degrees  of  freedom  and 
2mCK/0K  as  x’  with  2  in  degrees  of  freedom,  the  mean  squnrod  deviations  of 
the  substitute  confidence  hounds  hosed  on  the  first-  m  order  statistics  are  found 
as  follows:  E[{6'  -  0)1  by  replacing  5  by  O'  and  n  by  «t  in  (11);  AW  -  0)1 
by  replacing  5  by  Q\  a  by  in,  and  V  by  1  —  P  in  (14).  Substitution  of  the  re¬ 
sults  in  (12)  and  (12)  then  yields  the  efficiencies  of  the  substitute  upper  con¬ 
fidence  bound  and  the  substitute  central  confidence  interval,  respectively,  its 
compared  with  the  conventional  bound  and  interval  based  on  all  n  observations. 

5.  Unbiased  E.-timatoh  fou  the  Scai.b  Pahamktek 
The  expected  value  of  6  is  found  by  using  (8)  to  ho 
(If,)  E(6)  =  ;  0V{m  +  l/7v|  |  in' AI’(m)|. 

lienee  an  unbiased  estimator  of  0  is  given  by 

(10)  5  =  (ml/Kr(m)/r(»ii  +  1/A')i  6. 

The  variance  of  the  unbiased  estimator  B  is  found  to  be 

(17)  Var  0  -  03| [!'(»»)  l’(»i  4-  2/K)/V\m  4-  1/A'))  -  1). 

Values  of  th~  unbiasing  factor  5/6  for  a  maximum  likelihood  estimator 
and  of  the  ratio  Var  0/0*  of  the  variance  of  an  unbiased  estimator  to  0\  ex¬ 
pressions  for  which  can  be  obtained  by  dividing  both  sides  or  (10)  by  5  and 
both  sides  of  (17)  by  0s,  Avcrc  computed  for  m  =  1(1)100  and  K  «*  0..r>(().f>) 
4. 0(1. 0)8.0.  The  computations  were  performed  on  the  IHM  1020  computer 
with  FORTRAN  programming,  use  being  made  of  Stirling's  approximation 
to  the  Giunmn  function.  Twelve  decimal  digits  were  carried  in  the  computa¬ 
tions,  but  the  values  of  the  unbiasing  factor  were  rounded  to  G  decimal  places 
(0  or  7  significant  digits)  and  those  of  the  variance  to  8  decimal  places  (a  to  0 
significant  digits).  The  results  me  shown  in  table  1. 


G.  Use  of  Taiii.e 

In  life-testing  situations,  one  may  wish  to  terminate  the  test,  without,  wait¬ 
ing  for  all  n  of  the  items  placed  on  test  to  fail.  If  the  life  distribution  is  Weilnill 
with  known  shape  parameter  K,  where  K  is  one  of  the  values  included  in  Table  l, 
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Table  1  ( continued ) 

Unbiasing  Factors  for  Maximum  Likelihood  Estimators  and  Variances  of  Unbiased 
Estimators  from  m  Order  Statistics  of  Seale  Parameter  0  of  IVeibull  Population 
Shape  l’arametcr  K  =  2.0 


m 

6/6 

Var  6/0* 

m 

6/5 

Var  6/ )’ 
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1.128379 

.27323954 

51 

1.002454 

.00401392 
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1.003846 

.13170848 

52 
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.001SI91D 
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1.04  2352 
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.00472805 
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1.002275 

.00455574 

6 

1.021027 

.04249704 

50 
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Taui.b  1  (continued) 

Unbiasing  Factors  for  Maximum  Likelihood  Estimators  and  Variances  of  Unbiased 
Estimators  from  m  Order  Statistics  of  Scale  Parameter  0  of  Weibull  Population 
Shape  Parameter  K  -  2.5 


m 

6/6 

Var  6/0' 

m 

6/6 

Var  6/<P 

i 

1 . 127000 

.  18310455 

51 

1.002357 

.00314830 
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1.062201 

.08052458 

52 
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.00308754 
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1.041086 

.05634335 

63 
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.00302909 

4 
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54 
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72 
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.00701061 

73 
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24 

1.005019 
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74 
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.00216741 

25 

1.004818 
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1.001002 
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.00211024 
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.00596521 

77 

1.001560 

.00208277 
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.00575082 

78 

1.001540 

.00205001 

29 

1.004151 

.00555131 

79 

1  001521 

.00202992 

30 

1.004012 

.00536517 

80 

1.001502 

.00200449 

31 

1.003S82 

.00519111 

81 
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.00197909 

32 

1.003761 

.00502799 

82 

1 .001465 

.00195549 

33 

1.003647 

.00487481 

83 

1.001447 

.00193188 
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1.003539 

.O04730G9 

84 
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.00190884 
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.00459484 

85 

1.001413 
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.00440057 

86 
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.00180435 
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87 
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.00184288 

38 

1.003100 

.00423039 

88 

1.001365 

.00182189 

39 

1.003084 

.30412143 
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.00180138 

•10 

1.003007 

.00401793 

90 

1.001335 

.00178133 

41 

1.002933 

.00391951 

91 

1.001320 

.00170171 

42 

1.002803 

.00382579 

92 

1.001306 

.00174253 

43 

1 .002797 

.00373G45 

93 

1 .001292 

.00172375 

44 

1 .002733 

.00305119 

94 

1 .001278 

.00170538 

45 

1  .002672 

.00350973 

95 

1.001204 

.00108740 

46 

1 .002614 

.003491S3 

90 

1.001251 

.00100979 

47 

1.002558 

.00341725 

97 

1.001238 

.00105254 

48 

1.002505 

.00334579 

9S 

1.001220 

.00103565 

49 

1 . 002454 

.00327726 

99 

1.001213 

.00101910 

50 

1.002404 

.00321149 

100 

l  ,(K)i2;;i 

,00100288 
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Tadi,e  1  (continued) 

Unbiasing  Factors  for  Ufajirnurn  Likelihood  Estimators  and  Variances  of  Unbiased 
Estimators  from  m  Order  Statistics  of  Scale  Parameter  0  of  Weibull  Population 
Shape  Parameter  K  —  3.0 


m 

o/o 

Vnr  6/0 1 

m 

6/6 

Var  6 /O'1 

1 

1.119847 

.13209336 

51 

1.002183 

.00218813 

2 

1 ,053189 

.06133753 

52 

1.002141 

.00214587 

o 

ll 

1.038277 

.03967758 

53 

1.002101 

.00210521 

4 

1.028495 

.02928080 

54 

1  002062 

.00200607 

5 

1.022089 

.02319038 

55 

1  002024 

.00202835 

6 

1.018840 

.01919354 

56 

1  001988 

.00199199 

7 

1.016115 

.01637029 

57 

1 .001953 

.00195091 

8 

1.014075 

.01427035 

58 

1  001919 

.00192304 

0 

1.012494 

.01204752 

59 

1.001887 

.00189032 

10 

1.011231 

.01135588 

CO 

1.001855 

.00185870 

11 

1.010201 

.01030348 

61 

1.001825 

.00182812 

12 

1.009343 

.00942952 

62 

1.001795 

.00179853 

13 

1.008619 

.00869217 

63 

1.001767 

.00176088 

14 

1.007998 

.00806173 

64 

1.001739 

.00171213 

15 

1.007401 

.00751654 

65 

1.001712 

.00171524 

lti 

1.000992 

.00704040 

66 

1.001686 

.00168916 

17 

1.000578 

.00062097 

67 

1  001661 

00166387 

18 

1.000210 

.00624870 

68 

1.001637 

.00163932 

19 

1.005882 

.00591000 

69 

1  001613 

.00161549 

20 

1.005080 

.00561704 

70 

1 ,001590 

.00159234 

21 

1.005319 

.  0053467.8 

71 

1.001567 

.00156984 

22 

1 .005070 

.00510133 

72 

1  001510 

.00154797 

23 

1.004854 

.00187743 

73 

1  001524 

.00152670 

24 

1 .004651 

.00467235 

74 

1.001504 

.00)50601 

25 

1 .004464 

.00448383 

75 

1  001484 

.00148587 

20 

1.004292 

.00130992 

76 

1. 001164 

.00146626 

27 

1.004132 

.00111900 

77 

1 .001445 

.06141716 

28 

1 . 003984 

.00309966 

78 

1.001427 

.00142856 

29 

1 .003840 

.00386070 

79 

1  001108 

.00111012 

30 

1.003717 

.00373107 

80 

i  UU1891 

.  0013J274 

31 

1.003597 

.00360986 

81 

1  001374 

.00137550 

32 

1.003484 

.00349628 

82 

1 .001357 

.00135868 

33 

1.003378 

.00338902 

83 

1  001310 

.00134227 

34 

1.003279 

.00328928 

84 

1.001324 

.(H)  132625 

35 

1.003185 

.00319171 

85 

1  001309 

.00131060 

30 

1 .003090 

.00310543 

86 

1  001294 

.00129533 

37 

1  003012 

.00302100 

87 

1 .001279 

.00 128010 

38 

1 .002932 

.00294104 

88 

1  001264 

.00126581 

39 

1.002857 

.00286520 

89 

1 .001250 

.00125155 

40 

1.002785 

.00279318 

90 

1 .1)01236 

.00123761 

41 

1.002717 

.00272409 

1)1 

1  001222 

.00122598 

42 

1  002652 

.00265947 

92 

1  001209 

. (10121001 

43 

1  002591 

.00259731 

93 

1  001196 

.00119760 

44 

1  002532 

. 00253798 

94 

1  (101183 

.001  IS  183 

45 

1.002475 

.1)0248131 

95 

1  001171 

.00117232 

40 

1  002421 

.00242711 

96 

1  001159 

.00116008 

47 

1002370 

.00237523 

97 

1  001147 

.00114810 

48 

1  002320 

.00232551 

98 

1.001 135 

.00113636 

49 

1  002273 

.00227781 

99 

1  001121 

.00112485 

50 

1  002227 

.00223208 

100 

!  001112 

.001 11358 
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Tahoe  1  (continued) 

Unbiasing  Factors  for  Maximum  Likelihood  Estimators  and  Variances  of  Vn biased 


Estimators  from  m  < 

Order  Statistics  of  Scale  Parameter  0  of  Weibull  Population 

Shape  Parameter  K  ■=>  3.5 

m 

0/0 

Var  0/0' 

m 

0/0 

Var  0/0' 

i 

1.111423 

.  10014607 

51 

1 .002000 

.00160804 

2 

1.053705 

.04581787 

52 

1 .001967 

.00157756 

3 

1.035293 

.02917097 

53 

1 .001930 

.00154705 

4 

1.020247 

.02169204 

54 

1.00IS94 

.00151885 

5 

1.0208SG 

.01715179 

55 

1  001859 

.00149111 

6 

1.017341 

.01417983 

50 

1  001820 

.00140430 

7 

1.014824 

.01208442 

57 

1.001704 

.00143850 

8 

1.012945 

.01052796 

58 

1.001703 

.00141305 

9 

1.011488 

.00932639 

50 

1.001733 

.00138958 

10 

1.010320 

.00837081 

00 

1.001704 

.00130033 

11 

1.009378 

.00759275 

01 

1.001076 

.00134383 

12 

1.008589 

.00094090 

02 

1.001649 

.00132207 

13 

1.007922 

.00010237 

03 

1 .001023 

.00130100 

14 

1.007351 

.00503092 

04 

1.001597 

.00128050 

15 

1.000857 

.00553455 

05 

1.001573 

.00126081 

10 

1.000420 

.00518324 

06 

1.001549 

.00124164 

17 

1.000045 

.00187386 

07 

1.001520 

.00122304 

18 

1.005707 

.00459932 

08 

1.001503 

.00120498 

19 

1.005405 

.00135400 

09 

1  001481 

.00118745 

20 

1.005133 

.00413302 

70 

1.001400 

.00117013 

21 

1.001887 

.00393143 

71 

1 .001440 

.00115389 

22 

1 .004004 

.00375355 

72 

1.001420 

,00113780 

23 

1.004400 

.00358857 

73 

1.001400 

.00112216 

24 

1.004273 

.0034374S 

74 

1.001381 

.00110695 

25 

1.004101 

.00329859 

75 

I .00x363 

.00109214 

20 

1.003943 

.00317049 

70 

1.001315 

.00107772 

27 

1.003796 

.00305197 

77 

1.001327 

.00100368 

28 

1.003000 

.00294199 

78 

1.001310 

.00104999 

29 

1.003533 

.00283900 

79 

1 .001294 

,00103006 

30 

1.003115 

.00274421 

SO 

1 .001277 

.00102366 

31 

1.003305 

.00205190 

81 

1.001262 

.00101098 

32 

1.003201 

.00257134 

82 

1.001246 

.00099862 

33 

1.003104 

.  00249283 

83 

1.001231 

.00098655 

34 

1 .003012 

.00241890 

84 

1.001217 

.00097477 

35 

1 .002920 

.00234935 

85 

1.001202 

.00090327 

30 

1.002844 

.00228363 

80 

1.001188 

.00095203 

37 

1 .002707 

.00222149 

87 

1  001175 

.09094100 

38 

1.002094 

.00216204 

8S 

1  001101 

.00093033 

39 

1 .002025 

.00210083 

89 

1.001148 

.00091985 

40 

1 .002559 

.00205382 

90 

1.001135 

.00090900 

41 

1.002490 

.00200342 

91 

1.001123 

.OOOS995S 

42 

1 .002437 

.00195543 

92 

1  001111 

.00088977 

43 

1  002380 

.00190909 

93 

1.001099 

.00088018 

44 

1  002320 

.00180004 

94 

1.00 1087 

.00087079 

45 

1.002274 

.00182434 

95 

1.001075 

.00080100 

40 

1 . 002224 

. 00 1 78 440 

90 

1  001064 

.00085200 

47 

1 .002177 

.00171029 

97 

1 .001053 

.00084379 

48 

1  002131 

.00170971 

98 

1  001043 

.0008251 5 

49 

1  002088 

.00107464 

99 

1 .0111032 

.00082670 

50 

1 .002040 

.00101098 

100 

1  001022 

.0008  IS- 11 
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Tadi.e  1  (continued) 

Unbiasing  Factors  for  Maximum  Likelihood  Estimators  and  Variances  of  Unbiased 
Estimators  from  m  Order  Statistics  of  Scale  Parameter  0  of  Wcibiill  Population 
Slinpo  Parameter  K  ■■  4.0 


tn 

6/0 

Vnr  S/6 * 

m 

6/6 

Vnr  6/(0 

i 

1.103203 

.07870520 

51 

1.001843 

.00123225 

2 

1 .040600 

.03555099 

52 

1.001807 

.00120843 

3 

1.032510 

.02277234 

63 

1.001773 

. 00 1 1S551 

4 

1.024103 

.01672043 

54 

1.001740 

.00110344 

6 

1.019220 

.01320237 

55 

1.001709 

.00114218 

6 

1.015954 

.01090486 

50 

1.001678 

.00112168 

7 

1.013035 

.00028741 

57 

1.001048 

.00110190 

8 

1.011005 

.00808731 

58 

1  001620 

.00108281 

0 

1.010504 

.00716161 

59 

1.001592 

.00106437 

10 

1.009495 

.00042591 

00 

1.001600 

.00104655 

11 

1.008022 

.00582721 

01 

1.001540 

.00102932 

12 

1.007896 

.00533050 

02 

1.001516 

.00101204 

13 

1.007283 

.00491179 

03 

1.001491 

.00099649 

14 

1.000758 

.00455404 

04 

1.001468 

.00098086 

15 

1.000304 

.00424485 

05 

1.001445 

.00006570 

10 

1.005907 

.00397497 

66 

1 .001423 

.00095101 

17 

1.005557 

.00373734 

07 

1.001402 

.00093675 

18 

1.005240 

.00352652 

68 

1.001381 

.00092292 

10 

1.004908 

.00333820 

09 

1.001361 

.00090949 

20 

1.004718 

.00316898 

70 

1.001342 

.000,89045 

21 

1.004492 

.00301608 

71 

1.001323 

.00088377 

22 

1 .004280 

.00287725 

72 

1.001304 

.00087145 

23 

1.004099 

.00275064 

73 

) .001287 

.00085940 

24 

1 .003927 

.00263470 

74 

1 .001269 

.00084781 

25 

1.003709 

.00252814 

75 

1.001252 

.00083646 

20 

1.003624 

.00242987 

76 

1.001236 

.OOOS2541 

27 

1.003489 

.00233394 

77 

1.001220 

.00081465 

28 

1 .003364 

.00225458 

78 

1.001204 

.00080417 

29 

1.003247 

.00217009 

79 

1.001189 

.00079396 

30 

1.003  138 

.00210288 

80 

1.001174 

.00078400 

31 

1.003037 

.00203443 

81 

1.001159 

,00077428 

32 

1.002942 

.00197030 

82 

1.001145 

.00076481 

33 

1.002852 

.00191009 

83 

1.001131 

.00075556 

34 

1.002768 

.00185345 

84 

1.001118 

.00074654 

35 

1,002688 

.00180007 

85 

1.001105 

.00073773 

30 

1.002614 

.00174968 

80 

1.001092 

.00072912 

37 

1.002543 

.00170204 

87 

1.001070 

.00072071 

38 

1.002476 

.00105092 

88 

1.001067 

.00071250 

39 

1.002412 

.00161413 

89 

1.001055 

.00070447 

40 

1.002351 

.00157349 

90 

1.001043 

.00009802 

41 

1.002294 

.00153485 

91 

1.001032 

.00008894 

42 

1.002239 

.00149800 

92 

1,001020 

.00068143 

43 

1.002187 

.00140300 

93 

1.001009 

.00067408 

44 

1.002137 

.00142954 

94 

1.000999 

.00066688 

45 

1.002089 

.00139757 

95 

1.000988 

.00065984 

40 

1.002044 

.00136701 

96 

1.000978 

.00065295 

47 

1.002000 

00133775 

97 

1.000968 

.00001620 

48 

1.001958 

.00130972 

98 

1.000958 

.0006:1950 

49 

1 .001918 

.00128283 

99 

1.000948 

.00063311 

50 

1 .001880 

.00125703 

100 

1.000939 

.00002676 
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Taki.b  1  (continued) 

UnbUuing  Factors  for  Maximum  Likelihood  Estimators  and  Variances  of  (Unbiased 
Estimators  from  m  Order  Statistics  of  Seals  Parameter  9  of  Wcibult  Population 
Shape  Parameter  K  •»  5.0 


m 

9/S 

Var  6/0* 

m 

d/S 

Var  9/0 * 

i 

1.089124 

.05240525 

51 

1.001573 

.00078924 

2 

1.042503 

.02323010 

52 

1.001543 

.00077397 

3 

1.027845 

.01477305 

53 

1.001513 

.00076928 

4 

1.020074 

.01080909 

54 

1.001485 

.00074514 

r> 

1.016436 

.00851701 

55 

1.00145S 

.00073151 

0 

1.013037 

.00702572 

56 

l  001432 

.00071837 

7 

1.011053 

.00597782 

67 

1.001407 

.00070570 

8 

1.010172 

,00520101 

58 

1.001383 

.00009347 

0 

1.009025 

.00400303 

50 

1.001359 

.00068105 

10 

1.008110 

.00112S80 

00 

1.001330 

.00007023 

11 

1.007304 

.00374281 

01 

1.001314 

.00005018 

12 

1.000744 

.00342274 

62 

1.001293 

.00004850 

13 

1.006210 

.00315307 

63 

1 .001273 

.00003815 

14 

1.005771 

.00292278 

04 

1.001253 

.00002813 

15 

1.005383 

.002" '383 

05 

1.001233 

.00001842 

10 

1.005043 

.002  ..,023 

00 

1.001215 

.00060900 

17 

1.001744 

.00239742 

67 

1.001197 

.00059087 

18 

1.004479 

.00220189 

08 

1.001170 

.00050101 

19 

1.004241 

.00214080 

09 

1.001102 

.00058240 

20 

1.004028 

.00203212 

70 

1.001145 

.00057404 

21 

1.003836 

.00193389 

71 

1.001129 

.00050592 

22 

1.003059 

.00184472 

72 

1.001113 

.00055803 

23 

1.003499 

.00170341 

73 

1.001098 

.00055035 

21 

1.003353 

. OD 1 08890 

74 

1.001083 

.00054288 

25 

1.003218 

.00102054 

75 

1.001009 

,00053501 

26 

1.003093 

.00155745 

70 

1.001055 

.00052853 

27 

1  nnr»f\*iO 

1  .UUiUU) 

.00H9"09 

77 

1  001041 

.00052164 

28 

1.002871 

.00144494 

78 

1.001027 

.00051493 

29 

1.002772 

.00139457 

79 

1.001014 

.00050838 

30 

1.002079 

.00134759 

80 

1 .001002 

.00050200 

31 

1.002592 

.00130307 

81 

1.0009S9 

.00040578 

32 

1.002511 

.00120253 

S2 

1.000977 

.00048971 

33 

1.002434 

.00122390 

83 

1.000905 

.00048379 

34 

1.002303 

.00118757 

84 

1 .000954 

.00047801 

35 

1.002295 

.00115333 

85 

1.000943 

.00047230 

30 

1.002231 

.00112101 

80 

1.000932 

.00040085 

37 

1.002170 

.00109045 

87 

1 .000921 

.00040140 

38 

1.002113 

.00100151 

88 

1 .000911 

.00045020 

39 

1.002059 

.00103407 

80 

1.000900 

.00045100 

40 

1.002007 

.00100S02 

90 

1 .000890 

.00014003 

41 

1.001958 

.00098324 

91 

1.000380 

.00044111 

42 

1.001911 

.00095905 

92 

1 .000871 

.00043030 

43 

l  001807 

.00093717 

93 

1.000802 

.00043159 

44 

1.001824 

.00991571 

94 

1.000852 

.00042098 

45 

1.001783 

.00089522 

95 

1 .000843 

.00042247 

40 

1.001744 

.000S75O2 

90 

1.000835 

.00041 SOP 

47 

1  001707 

,00085087 

97 

1  000826 

.00041373 

48 

1 .001072 

.0U0S3890 

OS 

1.000817 

.00010950 

49 

1.001037 

.ooos:' 107 

99 

1.000.809 

.00040535 

GO 

1.001604 

.00080513 

100 

1.000801 

.CCC4012S 
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Tabus  t  (continued) 

Unbiasinp  Factors  for  Maximum  Likelihood  Estimators  and  \’nrinnces  of  Vnhiased 
Estimators  from  m  Order  Statistics  of  Scale  Parameter  0  of  Wcitmll  Population 
Slmpo  Pni'nmolcr  K  ■»  6.0 


M 

6/6 

Vnr  6/0' 

vi 

6/6 

Vur  6/0' 

i 

1  077912 

.03754820 

51 

1.001366 

.00051838 

2 

1 .037070 

.01637374 

52 

1  001339 

.00083770 

3 

1.024223 

.01035970 

53 

1  (101314 

.00052755 

4 

1.017974 

.00756092 

54 

1  (101289 

,00051772 

5 

1.014284 

.00594882 

55 

1  001266 

.00050825 

6 

1.01 1850 

.30490205 

56 

1  001243 

.00019911 

7 

1.010124 

.00416801 

57 

1.001221 

.00019030 

8 

1.008837 

.00362492 

58 

1 .001200 

.000 18 ISO 

9 

1  0078 10 

.00320602 

59 

1 . 001180 

.(10017350 

10 

1.007045 

.00287528 

GO 

1.0011GO 

.00016565 

11 

1.0003% 

.00200576 

61 

1.001141 

.000-15797 

12 

1 .005857 

.00238241 

62 

1.001123 

.00015054 

13 

1.005401 

.00210431 

63 

1.001105 

.00044335 

14 

1 .005012 

.09203373 

04 

1.001088 

.00043639 

15 

1.004074 

.00180504 

65 

1.001071 

.00042964 

16 

1.004380 

.00177405 

66 

1.001055 

,0(1(142309 

17 

1.004120 

.00166758 

07 

1.001030 

.00011075 

IS 

1.003889 

.00157317 

68 

1.001023 

.00041059 

19 

1.003083 

.00148887 

09 

1.001009 

.00010161 

20 

1.003497 

.0U141314 

70 

1.000094 

. 00039SSO 

21 

1.003330 

.00134474 

71 

1.000080 

00039315 

22 

1.003177 

.00128200 

72 

1  000966 

.00038707 

23 

1.003038 

.00122605 

73 

1.000953 

.00038233 

24 

1.0029H 

.00117423 

74 

1  000940 

.00037714 

25 

1.002794 

.00112661 

75 

1.000928 

. 00037209 

26 

1.002086 

.00108271 

70 

1.000915 

.00036717 

27 

1 . OU2S80 

.00104200 

77 

i  mitimVi 

imn»,h>2 

28 

1 .002493 

.(MM  00442 

78 

1 .000892 

.09035771 

29 

1.002407 

.00096937 

79 

1  000881 

.00035317 

30 

1.002326 

.00093608 

80 

1 .  00087  0 

.00034873 

31 

1.002251 

.00090613 

SI 

1.000850 

.00034441 

32 

1 .002180 

.00087751 

82 

1 . 000848 

.00034019 

33 

1.002114 

.00085064 

83 

l.ooosits 

.00033607 

34 

1.002051 

.00082537 

84 

1.(100828 

.00033206 

35 

1.001992 

.00080155 

85 

1.000818 

.00032813 

35 

1. 901937 

.00077907 

86 

1 .000809 

.00032430 

37 

1 .001884 

.00075782 

87 

1.000S00 

.00032056 

38 

1.001834 

.00073769 

88 

1  000790 

.0003 1690 

39 

1.001787 

.00071861 

89 

1  000782 

00031333 

40 

1 .001742 

.00070049 

90 

1.000773 

.00030983 

41 

1.001700 

.00068326 

91 

1  000764 

.00030612 

42 

1.001050 

.0D066686 

92 

1  (100756 

.(!!K):««07 

43 

1.001620 

.00065123 

93 

1 .0110718 

.00029!  (SO 

44 

1.001584 

. 0006303 1 

94 

1.000740 

. 00029660 

45 

1.001548 

.00062206 

95 

1  .000732 

.0(Hl293»7 

46 

1.001514 

,00060843 

96 

1.000724 

.00029010 

47 

1  001482 

.00059539 

97 

1  000717 

.  (10028740 

48 

1  001 451 

.00058290 

98 

1  000710 

.00028145 

49 

1.001421 

.00057092 

99 

1  000702 

.00028157 

50 

1.001393 

.00055912 

100 

1.000695 

.00027874 
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T.Uit-K  1  (enniinunl) 

['nla'iisinil  Factors  for  Maximum  lakeiihnnd  ICstimutnes  awl  Variances  of  I'ntnasrii 
ICstimators  from  m  Order  Statistics  of  Seale  Parameter  0  of  Wcthull  Papulation 
Rlinpe  Pnrnniotor  /v  —  7.0 


m 

o;o 

Var  6  '<r- 

m 

0/0 

Vnt  d  o' 

1 

l  mum  is 

.02823145 

51 

1  0111201 

.(10010305 

■J 

1  032756 

.01216533 

5’J 

1  001181 

.110039525 

1  021387 

.00766682 

53 

1  001158 

.00038774 

4 

1  015803 

.005581.86 

54 

1  001137 

(10038051 

n 

1 .012004 

,00438916 

55 

1 .001116 

(10037354 

0 

1  010154 

.00361417 

56 

1 .0010(16 

.o(H)3(i(i.s;; 

7 

1  01)8031 

.00307138 

57 

1  001077 

.nnn:umr> 

a 

1  007704 

.00267015 

58 

1  001058 

.dill 135410 

0 

1  006015 

.00230154 

69 

1  001040 

.(10034800 

10 

1.006213 

.00211683 

60 

1.001023 

.011034222 

li 

1 .005641 

.00191803 

61 

i  .oo  moo 

.0(1033058 

12 

1  005135 

.00175335 

62 

1  000990 

.00033112 

13 

1  004763 

.00101470 

03 

1  000974 

.00032583 

14 

1  004420 
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Taiilb  1  (I'onfitnifif) 

Unbiasimj  Factors  for  Maximum  Likelihood  litfimaton  ant!  I'on'mnvs  of  Vnbinscd 
h'stimators  from  m  Order  itlalisliet  of  Scale  Parameter  0  of  If'cibull  Population 
.Slinpe  Parameter  K  —  8.0 
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and  it  the  tost  is  terminated  at  the  time  of  the  »i-th  failure  (m  <  100),  ono 
can  compute  a  maximum  likelihood  estimator  0  of  the  scale  parameter  0  f,..m 
(5)  and  then  multiply  6  hy  the  unbiasing  factor  0/6  Riven  in  Table  1  to  obtain 
an  unbiased  estimator  0.  The  ratio,  Vnr  6/0 *,  of  the  variance  of  the  unbiased 
estimator  to  02  is  also  Riven  in  the  table.  Tho  efheieney  E,  of  the  unbiased 
estimator  based  on  the  first  in  order  statistics  ns  computed  with  the  one  based 
on  all  n  order  statistics  (m<n<  100)  can  bo  found  by  tnkinR  the  ratio  of  two 
entries  in  the  Vnr  6/li2  columns  of  'Pablo  1.  It  can  be  seen  that  tho  percentage 
ellicioncy  is  approximately  100m/»t. 

7.  Numerical  Example 

As  an  illustration  of  the  use  of  the  alxive  results,  consider  a  simulated  life 
test  on  forty  components.  Suppose  tho  observed  failure  times  in  horn's  are  as 
follows: 

5  33  55  05  82  102  114  142 

10  34  58  05  85  103  110  143 

17  36  58  00  00  106  117  151 

32  54  01  07  02  107  124  158 

32  65  04  08  02  114  139  105 

Suppose  the  experimenter  knows  that  these  times  are  from  a  Weibull  pop* 
ulalion  with  shape  parameter  K  *  2.0  and  wishes  to  obtain  a  point  cstimato 
and  set  80%  upper  and  lower  confidence  bounds  on  tho  scale  parameter  0, 
The  conventional  confidence  bounds  arc  those  bnsed  on  all  40  observations, 
but  tho  experimenter  might  not  want  to  wait  for  all  the  components  to  fail 
and  might  therefore  terminate  the  test  at  the  time  of  the  mth  failure  (at  <  40). 
Wo  can  simulate  this  occurrence  by  censoring  upper  portions  of  the  abovo 
ordered  data.  The  values  of  the  maximum  likelihood  estimator  6  were  cal¬ 
culated  from  (f>)  for  m  «*  8(8)40,  and  0  was  obtained  by  multiplying  by  the 
uubiasing  factor  6/6  given  in  Table  l.  Then  the  tower  and  upper  80%  con¬ 
fidence  bounds,  (?.<,„  and  6  ,  were  calculated  from  (It)  with  the  aid  of  a  tablo 

of  percentage  points  of  the  chi-square  distribution  given  by  Ilnrtcr  (1004a). 
The  intervals  between  paired  values  of  0  and  <?.80  are  cent  nil  00%  confidence 
intervals  for  0,  The  efficiencies,  and  E,  ,  of  Tipper  confidence  bounds  and 
central  confidence  intervals,  with  confidence  levels  80%  and  00%,  respec¬ 
tively,  based  on  the  first  m  out  of  n  ordered  observations,  were  calculated  by 
substituting,  in  (12)  and  (13),  values  of  E[(0'  —  (>)’)  obtained  from  (11)  and 
of  —  0)’),  E\(Q  —  0iJ],  and  E[i.Q'  —  0)’j  obtained  from  (tl)  modified  as 
indicated  in  Section  4.  The  efficiency  Ep  of  the  unbiased  point  estimator  6 
was  computed  as  indicated  in  Section  7.  The  results  are  as  follows; 
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A  derivation  is  given  of  the  maximum  likelihood  estimator  $  ,  based  on  the 
first  m  out  of  n  ordered  observations*  of  the  scale  parameter  $  of  u  W elbull 
population  with  known  shape  parameter  K.  It  is  shown  that  2m $*/&*'  has  a 
clu-square  distribution  with  2m  degrees  of  freedom  (independent  of  n).  Use  is 
made  of  this  fact  to  set  upper  confidence  bounds  with  confidence  lovol  1—  P 
(lower  confidence  bounds  with  confidence  level.  P)  on  the  scale  parameter*!?  . 
Formulas  are  given  for  the  mean  squared  deviations  of  the  upper  and  lower 
confidence  bounds  from  tire  true  valuo  of  the  parameter.  From  these  one  can 
obtain  expressions  for  .the  efficiency  of  confidence  bounds  and  confidence  interval  j. 
The  expected  value  of  a  is  also  determined,  and  from  it  the  unbiasing  factor 
by  which  #must  be  multiplied  to  obtain  an  unbiased  estimator*?  ,  An 
expression  for  the  variance  of  the  unbiased  estimator*?  is  found*  Values  of  the 
unbiasing  factor  and  of  the  variance  of  the  unbiased  estimator,  both  of  which 
are  independent  of  n,  are  tabled  for  m  «  1)  1)  100  and  KsO,  5(0.  5) 4.  0(  1*  0)  8*  0.  A 
section  on  use  of  the  table  and  a  numerical  example  are  included. 
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